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ABSTRACT
Using computer simulations, we establish that the structure of a supercooled binary atomic liquid mixture consists of common neighbor
structures similar to those found in the equilibrium crystal phase, a Laves structure. Despite the large accumulation of the crystal-like structure,
we establish that the supercooled liquid represents a true metastable liquid and that liquid can “borrow” the crystal structure without being
destabilized. We consider whether this feature might be the origin of all instances of liquids with a strongly favored local structure.
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The notion that glasses are rigid due the aperiodic accumu-
lation of low energy local structures has had some success. This
idea is the basis of Zachariasen’s model of amorphous silica based
on a random network of (slightly distorted) SiO4 tetrahedra.1 The
validity of this model of silica has been supported by experiment2

and simulation.3 Water also accumulates, on supercooling, local
tetrahedral coordination of hydrogen about each oxygen to form
the low density amorphous phase.4 In each of these cases, the low
energy structure is very similar to that found in the stable crys-
tal phase. While crystal-like structures have also been invoked to
describe supercooled atomic mixtures,5 the majority of studies of
glass-forming alloys have focused on non-crystalline local struc-
tures.6,7 Over the years, a range of candidate structures have been
proposed, starting with Franck’s suggestion8 of the regular icosahe-
dron. The difficulty with this type of analysis is the large structural
diversity typically found in atomic mixtures9 and the associated low
concentration of nominated local structures of interest. There are,
however, exceptions to this scarcity of favored local structures. In
2007, Coslovich and Pastore10 demonstrated a substantial accumu-
lation of local icosahedral structures in a supercooled equimolar
binary Lennard-Jones mixture introduced by Wahnström.11 As a
result, the Wahnström liquid has become an important exemplar of
the proposition that supercooled liquids can be characterized by a
favored local structure.6,7

In 2010, it was shown12 that the Wahnström liquid freezes into
a crystal with the MgZn2 (C14) Laves structure at a composition
A2B [see Fig. 1(a)]. In this crystal, along with the related Cu2Mg
(C15) Laves structure, every small particle (i.e., the A particles) has
an icosahedral coordination shell. In this sense, the icosahedra in this
supercooled liquid can be regarded as a structure borrowed from the
crystal. Since Laves structures are the most abundant crystal forms
found in binary intermetallics,13 this structural link between icosa-
hedra in supercooled liquids and the equilibrium crystal phase is
likely to be relevant to a wide range of metal alloys.

When we observe a crystal-like structure in a supercooled liq-
uid, is the observed structure an intrinsic feature of the liquid or
is it a result of an instability of the liquid, possibly arrested, with
respect to crystallization? Moore and Molinero14 reported that a
model of water based on the modified silicon potential exhibited
an instability to crystallization at a temperature close to that asso-
ciated with the onset of local ordering. No such instability has been
observed in more complex models of water.15 Fitzner et al.16 have,
however, reported the presence of sixfold rings of hydrogen bonded
molecules (a vestige of the equilibrium crystal phase) in supercooled
water that are associated with preferred sites of crystal nucleation.
The goal of this paper is (i) to establish the degree to which the
local structure of the supercooled Wahnström liquid shares the com-
mon neighbor organization found in the crystal and (ii) to determine
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FIG. 1. (a) Illustration of the MgZn2 crystal structure with A and B particles shown in green and gray, respectively. (b) A single pair of B particles with their six common A
neighbors from the crystal corresponding to a Frank–Kasper (FK) bond. (c) The MgZn2 crystal depicted as a tetrahedral network of FK bonds.

whether this structure is an intrinsic feature of the metastable liquid
or the result of an incipient instability of the liquid with respect to
crystallization.

The Wahnström mixture11 consists of particles interacting via
Lennard-Jones potentials ϕij(r) = 4εij[(σij/r)12 − (σij/r)6] with the
following interaction parameters: σAA = σAB/1.1 = σBB/1.2 and εAA
= εAB = εBB. The particle masses are related via 2mA = mB. As we
are interested in exploring the possible instability of the liquid with
respect to growth of the A2B crystal, we have chosen to study the liq-
uid not at the equimolar concentration usually used in this model
but at the A2B concentration, congruent with that of the crystal.
All calculations have been carried out at a fixed reduced density of
0.874. At this density, the freezing point lies in the range 0.94 ≤ Tf
≤ 1.1. Molecular dynamics (MD) simulations have been carried
out at fixed NVT using RUMD17 with N = 576 (unless otherwise
indicated) using the Nose–Hoover thermostat.18

The MgZn2 crystal [see Fig. 1(a)] can be represented in terms
of “bonds” between neighboring pairs of B particles, where each
bond consists of six common A neighbors to the two “connected”
B particles, as shown in Fig. 1(b). (Two particles are identified as
neighbors if their separation is less that the first minimum of the

species-appropriate pair distribution function.) We have previously
called these common neighbor configurations Frank–Kasper (FK)
bonds.12 The MgZn2 crystal can be represented by a hexagonal dia-
mond network of FK bonds in which each B particle occupies a four-
fold vertex [see Fig. 1(c)] and every A particle is at the center of an
icosahedron that consists of six A and six B particles. This is a hier-
archical structure with well-defined short-range order (the icosahe-
dral coordination) and intermediate range order (the FK bonds).
The intermediate structure can be resolved using two distinct order
parameters: the first order parameter, a measure of crystallinity X
(=N4FK/NB), where N4FK is the number of B particles participating
in 4 FK bonds, and the second order parameter, the mole fraction
of FK bonds n (=NFK/NB), where NFK is the number of FK bonds.
These two-order parameter descriptions encompass the possibility
that the liquid could accumulate FK bonds without accumulating
the fourfold vertices characteristic of the crystal. A liquid might, in
this way, “borrow” stable FK bond structures from the crystal while
eschewing crystallinity itself.

To understand the stability of the liquid as a function of the
density of FK bonds, we need to be able to control the latter quan-
tity. In the metastable liquid, this is complicated by the background
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crystallization rate. A biased Monte Carlo (BMC) algorithm allows
us to control the value of n in the liquid at a temperature high enough
that the intrinsic nucleation kinetics cannot interfere. The biased
Monte Carlo (BMC) calculations are performed with a harmonic
weighting for a target value of n = no

19 at temperatures in the range
0.6 ≤ T ≤ 0.8. (Note that the actual mean value n of the FK bonds
achieved by the BMC is typically less than the target no and we shall
refer to the actual value of n throughout this paper.) These calcula-
tions were carried out at the A2B composition with N = 576 and at a
fixed density of 0.874. The BMC method will allow us to determine
the degree to which the liquid can accumulate FK bonds before being
forced into crystallinity.

We shall work with the reduced structural landscape spanned
by the space of (n, X) depicted in Fig. 2. This plane includes regions
that are impossible to achieve. It is not possible to have more four-
fold FK sites than there are FK bonds to make them. It is equally
impossible to avoid fourfold sites once the FK bond concentration
is high enough. These inaccessible regions of the (n, X) plane are
indicated in Fig. 2 by shading. The red curve represents the relation-
ship between n and X, X = ( n2 )

4, corresponding to the case where
the bonds are distributed randomly with no preference to aggregate
into fourfold crystal vertices. The straight line (green) represents
the other limit, i.e., the case where the only FK bonds present are
those taking part in crystal vertices. The percolation line (dashed)
represents an interpolation of the random bond percolation on the
diamond lattice20 (at n = 0.86) and the site percolation on the same
lattice (at n = 0.78).21 The values of n and X from the BMC calcula-
tions are plotted in Fig. 2. We find that the simulation structures
lie quite close to the line predicted assuming a random distribu-
tion of FK bonds; one in which the crystalline organization in the
form of the 4FK sites occurs only as required by random aggre-
gation. We shall refer to this observed liquid structure as a quasi-
random distribution of FK bonds. The quasi-random structure of
bonds includes an accompanying concentration of icosahedral coor-
dination shells about the small particles. As previous studies10 have

FIG. 2. Plot of X, the crystalline order parameter, against n, the fraction of FK
bonds, obtained from the biased MC calculations of the A2B mixture at the different
temperatures shown. At the density of 0.874, the freezing point lies in the range
0.94 ≤ T ≤ 1.1.10 The predictions for the randomly distributed bonds and for the
case where bonds occur only in the crystal are shown as a red curve and a green
line, respectively. The estimated percolation transition is shown as a dashed line
and shaded areas indicate unphysical parts of the (n, X) plane (see the text).

FIG. 3. The fraction ficos = Nicos/NA of icosahedral coordination shells as a func-
tion of the fraction n = NFK/NB of FK bonds in the A2B mixture. The data come
from weighted simulations of a high temperature (T = 0.9) liquid where no sign of
crystallinity (i.e., fourfold FK sites) is observed.

analyzed the amorphous structures in terms of local icosahedral
coordination, rather than FK bonds, it is useful to establish the
correlation between the two quantities. In Fig. 3, we plot the frac-
tion ficos (=Nicos/NA) of A particles in icosahedral environments as
a function of the FK bond density. The data come from weighted
simulations of a high temperature (T = 0.9) liquid where no sign
of crystallinity (i.e., fourfold FK sites) was observed. The observed
increase in the fraction of icosahedra due to the increase in the FK
bond count at a fixed high temperature corresponds to ∼0.5 of the A
particles involved in FK bonds being in icosahedral environments.
We conclude that the presence of FK bonds induces icosahedral
ordering, but with a degree of correlation of roughly two icosahe-
dra per FK bond in the quasi-random distribution, well below the
value of six icosahedra per FK bond found in the ordered MgZn2
crystal.

What is the energetics of this quasi-random assembly of FK
bonds? In Fig. 4, we have calculated the potential energy per par-
ticle of the liquid, generated via the BMC method, as a function of

FIG. 4. The energy per particle, U, of configurations with different values of n.
All calculations were carried out at T = 1.0. The vertical dashed line indicates the
random bond percolation value of n = 0.86.20 The curve corresponds to a quadratic
fit U − Uo = c(n − 0.86)2, where Uo = −5.66 and c = 0.65.
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n, the density of FK bonds. We find a clear potential energy min-
imum at n ∼ 0.9. This corresponds closely to the value n = 0.86 for
bond percolation on a diamond lattice, suggesting that the FK bonds
added beyond the random percolation point introduce strain into
the liquid structure. The increase in U for n > 0.9 via the continua-
tion of the quasi-random distribution of FK bonds means that this
structural option is no longer favored on cooling. The fact that we
generate these high energy states using BMC suggests that the algo-
rithm only samples a restricted portion of configurations space, most
probably due to the applied bias weighing against reorganizations
that proceed via intermediates with low n. Any path to lower energy
states must, therefore, involve deviations from the quasi-random
structure, deviations characterized by an increase in the crystalline
order parameter X. The value of n at percolation, therefore, rep-
resents an upper bound on the value at which this deviation will
occur.

To find out how the (n, X) order actually accumulates, we have
carried two sets of MD calculations. In set I, a liquid was instantly
quenched to the final temperature T and then annealed for a time of
102τs(T) [where τs(T) is the structural relaxation time at T]. In set
II, the annealing time was fixed, for all values of T, at ∼3 × 107τ, a
value greater than 102τs(T) for T > 0.63. The results for the potential
energy U and the fraction of FK bonds n vs T for the two sets of sim-
ulations are plotted in Figs. 5(a) and 5(b), respectively. For set I, we
see no sign of crystallization. The potential energy U decreases lin-
early with T, dropping well below the minimum value found from

FIG. 5. (a) The average potential energy per particle U as a function of T. The
results of MD simulations for sets I and II (see text) are shown. A horizontal dashed
line is included to indicate the value of the potential energy at the minimum in
Fig. 4, and a vertical dashed line indicates the crystallization temperature T = 0.89.
(b) The average value of the mole fraction of FK bonds n as a function of T with
data from MD simulations for sets I and II.

FIG. 6. The (n, X) structure landscape including the results for the MD simulations
of set I and set II (see the text). Also plotted are the results of the BMC calculations,
the percolation line, and the two limits as presented in Fig. 2.

the BMC calculations. As shown in Fig. 5(b), the accumulation of
FK bonds in set I as it reaches the glass state does not exceed a value
n = 0.2. For set II, we observe a step discontinuity in U and n at
T = 0.89, which we attribute to crystallization. Increasing the sys-
tem size by an order of magnitude increases the crystallization point
to T = 0.92, but does not otherwise change the form of the data
(supplementary material). As we quench to temperatures below this
freezing point, we observe that the value of n decreases, indicating a
decrease in the degree of crystallization, either through the decrease
in crystallite size or through the trapping of an increasing degree
of disorder within crystallites. This decrease in FK bonds contin-
ues until n coincides with that of the glasses generated by set I runs.
Despite the decrease in FK bonds, the energy U shows little variation
for set II quenches below the freezing point.

Our findings, presented graphically in Fig. 6, are summarized
as follows: (1) Under the restricted sampling of the BMC algorithm,
we have established the existence of a possible liquid structure com-
prised of a quasi-random network of FK bonds with an energy mini-
mum associated with the bond percolation point. (2) The arrested
disordered structure, as generated by set I quench, consists of a
quasi-random arrangement of FK bonds, but one with a maximum
FK bond density of only n = 0.2 (or ficos ∼ 0.25–0.3). This value
is well short of the percolation value, as indicated in Fig. 2, leav-
ing us to conclude that percolation plays no role in capping the
accumulation of FK bonds in the metastable liquid. (3) The crystal-
lization of the liquid is discontinuous and associated with substan-
tial increases in n (also X). The structure clearly deviates from the
quasi-random model. The abrupt and large increase in n associated
with crystallization is quite distinct from the constrained accumu-
lation of FK bonds (bounded by the value n = 0.2) that we asso-
ciate with the supercooled liquid state and the glass that it becomes
at low T. This is clear evidence that the FK bonds found in the
arrested state correspond to the intrinsic structure of the metastable
liquid and are not associated with any instability with respect to
crystallization.

In summary, the structure of the arrested amorphous state of
the A2B Wahnström mixture after the 102τs annealing time (i.e., set
I calculations) consists of a significant fraction of common neighbor
structures borrowed from the crystal phase. The value of n appears
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to be capped so that it does not increase continuously to the point
of destabilizing the liquid. Having dismissed the bond percolation
as the origin of this cap, we conclude that the most likely constraint
is the slowing kinetics associated with the quasi-random ordering.
The convergence of the low T structures from set I and set II runs
supports this kinetic explanation. Derlet and Maaß22 have reported
that, in the extended 80 μs molecular dynamics simulations, the
supercooled Wahnström model formed a nano-structured compos-
ite of the A2B Laves crystal and B-particle rich glass. Our observa-
tion of a discontinuous ordering to some partially crystalline state is
consistent with this recent report.

The network liquids such as silica and water have long repre-
sented the best known examples where the crystal-like structure is
observed in the liquid. The objective of this paper is to understand
how the analogous process is manifest in dense packed liquids. The
“borrowing” of the crystal structure by the liquid that we observe
in the Wahnström mixture is not a universal feature of alloys, with
many liquid alloys failing to exhibit any sign of local crystal-like fea-
tures.6,7 As an example of this, the Kob-Andersen mixture,23 another
binary Lennard-Jones mixture studied in the context of glass for-
mation, exhibits favored local structures quite distinct from those
that appear in the crystal.24 What is special about the model mix-
ture studied here is its crystal structure. The Laves forming alloys
are characterized by a low energy short range order (the icosahedra)
that can readily organize into an intermediate range structure (the
FK bond). This kind of hierarchical ordering lends itself to the sta-
ble incorporation of the crystal-like structure in the liquid. It is likely
that this structural borrowing may be a generic feature of liquid mix-
tures that freeze into a Laves phase or, possibly, for which the Laves
phase is a metastable polymorph. This proposition is consistent with
the experimental of the coincidence of the glass forming ability and
the stability of a Laves phases in a range of Fe-based alloys.25 It would
be interesting to test the generality of the connection, proposed here,
between Laves crystals and the stability of supercooled alloys. An
open question is whether this “borrowing” of structure might be
a general feature whenever the equilibrium crystal has a large unit
cell. In establishing how fragments of complex crystal structures can
play an important role in the structure of the supercooled liquid,
this work points to a potentially useful new approach to identifying
classes of amorphous materials assembled from well-characterized
local configurations.

See the supplementary material for additional data related to
the influence of the system size on the plots presented in Figs. 5(a)
and 5(b).
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