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A "zero-parameter" constitutive relation for simple shear viscoelasticity 
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Abstract." Based on the Cox-Merz rule and Eyring's expression for the nonlinear 
shear viscosity, a Wagner-type constitutive relation with no nontrivial adjustable 
parameters is proposed for simple shear viscoelasticity. The predictions for a 
number of non-steady shear flows are worked out analytically. It is shown that 
most features of shear viscoelasticity are reproduced by the model. 
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1. Introduction 

After several years of research a number of useful 
constitutive relations are now available [1]. In order 
to reproduce experiments accurately these relations all 
contain a number of fitting parameters. In this paper 
the following question is asked: What is the simplest 
possible constitutive relation which still reproduces 
important features of viscoelasticity? To limit the 
discussion, only simple shear viscoelasticity is con- 
sidered, and normal stresses are ignored all together. 
Starting from the Cox-Merz rule, a Wagner-type con- 
stitutive relation with no nontrivial adjustable param- 
eters is arrived at. The nonlinear steady state shear 
viscosity is, by construction, close to that predicted by 
Eyring's phenomenological theory of liquid flow [2]. 
Various non-steady shear flows are then considered 
and worked out analytically. It is shown that the con- 
stitutive relation reproduces most qualitative features 
of shear viscoelasticity, with the notable exception of 
the overshoot usually observed in the shear stress 
growth upon inception of a steady shear flow. 

2. The model  

The well-known Cox-Merz rule [3] states that 

~(~) = I~(o9)1 ~=~ ,  (1) 

where ~/(~) is the nonlinear shear viscosity as function 
of shear rate and r/~' (o9) is the frequency-dependent 

viscosity in the linear response regime. The Cox-Merz 
rule is a useful empiricism obeyed by many polymeric 
liquids. The quantity ~/~(o9) is obtained [1] from the 
equation 

rl~(og) = ~ d t ' G ( t ' ) e  -i~t '  , (2) 
o 

where G(t ' )  is the shear relaxation modulus. By 
definition, G(t ' )  determines the stress r in the linear 
limit from the shear rate history by means of 

r( t)  = ~ d t ' G ( t ' ) ~ ( t -  t ')  . (3) 
0 

From Eqs. (1) and (2) one expects the Cox-Merz rule 
to be satisfied if 

rl(~) = ~ d t ' G ( t ' ) e  -~t' ()~>0) . (4) 
o 

A straightforward generalization of Eq. (3) to include 
Eq. (4) for the stationary case is the following con- 
stitutive relation 

r( t)  = ~ d t ' G ( t ' ) i p ( t - t ' )  
0 

"exp I-t!t, li'(t")ldt" 1 • (5) 
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Equation (5) is similar to Wagner's constitutive rela- 
0 tion [1, 4]. The difference is that, in the "linear" part = 

x 

of the relation, y in Wagner's model is here replaced 
t2~ 

by Y. Also, the "damping function" is here o 
exp { - ~t t_ t '  [ ~)[} instead of Wagner's exp { - I , ~ - t '  ~[}. 
The present choice of damping function is suggested 
because this damping function sums over all shear -1 
displacement taking place between time t - t '  and t, 
independent of the direction of the displacement. 

Next, a Specific form of G(t') is chosen, namely 
G ( t ' ) = E l ( t '  ) where El(t ' )  is the exponential in- -2 
tegral [5] 

El(t ' )  ~ e-U = du . (6) 
t '  b/ 

For convenience we here and henceforth work with 
dimensionless time, stress, and viscosity, the latter 
quantity normalized so that p/~ (co = 0) = 1. The final 
constitutive relation is 

r(t)  = ~ d t 'E~( t ' )~ ( t - t ' )  
0 

"exp I - t-t'ilf'(t")ldt" 1 (7) 

The use of E~(t') as the relaxation modulus is 
motivated by the fact that this choice leads to a 
nonlinear viscosity which is close to that predicted by 
Eyring's phenomenological theory of liquid flow [2] 
which fits many experiments: 

sinh- 1 (p) 
n(p) - ( 8 )  

To see this, note that the Laplace transform of E 1 is 
[51 

/~l (s) - In (1 + s) , (9) 

so the nonlinear viscosity is given by 

In (1 + p) 
n(~) - - -  ( 1 0 )  

From the identity s i n h - l ( x ) =  ln(x+ 1 ] /~x  2) it fol- 
lows that Eyring's nonlinear shear viscosity for large 

is close to that predicted in Eq. (10). This is il- 
lustrated in Fig. 1. Note that the present model corn- 
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Fig. 1. Log-log plot of various quantities characterizing the 
model. In this figure, and throughout, dimensionless time, 
stress, and viscosity are used, the latter quantity normalized 
so that t/~ (co = 0) = I. The figure shows: (1) The predicted 
nonlinear viscosity as function of x=  ))(o) [Eq. (10)], (2) 
Eyring's nonlinear viscosity as function of x = ~ (A) [Eq. 
(8)], (3) ]r/~(a~ =x)] (V) [Eq. (11)], and (4) the real (+) 
and the imaginary (×)  part of t?~(~o =x) [Eq. (•2)]. A 
comparison of the • and A points shows that Eyring's 
viscosity, which is known to give a good fit to many ex- 
periments, is reproduced reasonably well by the model. 
Comparing the • and the V points shows that the Cox- 
Merz rule is obeyed, though not quite accurately in the tran- 
sition region. The real and imaginary parts of ~/~ (~o) looks 
much like in experiment 

pared to Eyring's has a less sharp transition to 
nonlinear behavior. Figure 1 also shows that the Cox- 
Merz rule, as expected, is obeyed approximately by 
the constitutive relation. This observation is based on 
the fact that the frequency-dependent linear viscosity 
is given by 

rl~(og) = ~ d t 'E l ( t ' )e  -i°~t'-  In (1 + iog) 

o io9 
(11) 

which implies for the real part and for the negative 
imaginary part 

~/' (o9) = Arctan(og)/o9 

r/"(og) = In [VI + ( . 0 2 ] / 0 )  . (12) 

We now proceed to calculate the time-dependent 
nonlinear response in various situations (following 
Chapter 3.4 in [1]). Consider first the stress growth 
upon inception of a steady shear flow, i.e., the case 
when the shear rate is given by 

p ( t )=  fO , t < 0  (13) 
( ~0,  t > O .  
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Fig. 2. Stress growth upon inception of a steady shear flow 
with shear rate ~o. The quanti ty 1/+ (t,~o), given by Eq. 
(16), is plotted as a function of time for: (a) ~0 = 0.1 (re- 
flecting the linear limit), (b) 7o = 3, (c) ~o = 10, and (d) 
~o = 30. Like in experiment, ~/+ (t,~o) follows the linear 
q + (t) for short times while it stabilizes for large t at the 
nonlinear viscosity, a stabilization which takes place sooner 
the larger is ~o. The overshoot of ~/+ (t, ~o) often seen in ex- 
periment is not reproduced by the model 

In  this case Eq.  (7) implies for  the stress r +: 

t 

r + ( t )  = Yo ~ d t ' E l ( t ' )  e- i '° t '  (14) 
0 

or,  for  the quant i ty  ~/+ (t, ~o) = r + (t)/~)o, 

t 

~/+ (t ,?0) = 1 d t ' E l ( t ' ) e  -~°t' • (15) 
0 

Af te r  a par t ia l  in tegra t ion Eq.  (15) reduces to 

I/+ (t, ~0) = 

[E~ [(1 + ~o) t ] - E l(t) e - % t + In (1 + 70 )}/))o , (16) 

where  use has been made  o f  the fact  tha t  El  (t) varies 
as - In (t) for  t ~  0. In  Fig. 2 r/+ (t, Y0) is p lot ted in a 
logar i thmic  plot  for  different  values of  Yo. The  f igure 
shows tha t  r/+ is always m o n o t o n o u s l y  increasing. 
This is not  quite like in exper iment  where  there is 
usual ly a character is t ic  " o v e r s h o o t "  o f  I/+ as func-  
t ion of  t ime before  the s teady state value is reached 
[1].  

Consider  now stress re laxat ion af ter  cessat ion o f  a 
s teady shear flow, i.e.,  when  

~ 7 o ,  t < 0  (17) 
? ( t )  = (..0 , t > O  . 

Then  Eq.  (7) implies for  the stress r - :  

r -  ( t )  = i'o ~ d t ' E l ( t ' ) e  -¢°(t ' - t)  (18) 
t 

Equat ions  (10), (15), and (18) imply  

v/+ (t, ~o) + e - ~°tl/- (t, ~o) = In (1 + Yo) , (19) 
~o 

where r / -  (t, Yo) = z - ( t ) /~  o. By means  o f  Eq.  (16) we 
thus find 

tl - (t, ~0) = {El ( t ) - E l  [(1 + ~o)t]e~°t}/~o . (20) 

Figure 3 shows r / -  for  var ious  values o f  ~0. As in ex- 
per iment ,  one finds tha t  r / -  (t, ~0) is a m o n o t o n o u s l y  
decreasing funct ion of  t ime for  all ~0, and  tha t  ~/- 
reaches zero faster  the larger is Yo. 

We now turn  to the calculat ion o f  stress re laxat ion 
af ter  a sudden shearing displacement  Y0. The  shear 
rate is given by ~ ( t ) =  y05(t) .  Subst i tuted into Eq.  
(7), this gives 

r ( t )  = (1 - e - Y°)E i (t) , (21) 

which is easily shown by  rewrit ing Eq.  (7) as 

[ d ] ~tt-r~(t")dt" (22) r ( t ) =  d t ' E l ( t ' )  - - ~ ,  e -  
0 

1.0 

O5 
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Fig. 3. Stress relaxation after cessation of a steady shear 
flow with shear rate P0. The figure shows the quanti ty 
t / -  (t, yo)/~/(~o) as a function of time, where ~/- is given by 
Eq. (20), for: (a) Yo = 0.1 (reflecting the linear limit), (b) 
~0 = 3, and (c) ~o = 30. As in experiment, ~/-(t ,  Yo ) 
decreases to zero as t ~ co faster the larger is ~o 
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which is valid whenever p > 0 .  For the relaxation 
modulus G(t, yo)= "c(t)/yo, one thus finds 

1 - e -70 
G(t, Yo) = E1 (t) - -  (23) 

Y0 

For Yo ~ O, G(t, ?o) reduces to the linear shear relaxa- 
tion modulus El(t) .  Equation (23) shows that 
G(t, Y0) factorizes into a function of  time multiplied 
by a function of Y0, as expected for a Wagner type 
model [1, 4]. 

Next we consider the calculation of the nonlinear 
creep compliance J(t,'co), defined as y ( t ) / r  0, where 
y(t)  is the total shear displacement in time t when a 
constant stress "co is applied at t = 0. The calculation 
of  J f rom a constitutive relation is usually com- 
plicated by the fact that y(t)  is only given indirectly. 
For the present constitutive relation, however, y(t)  
may be found analytically in the following way. First, 
Eq. (7) is rewritten for the case under consideration as 

t 

"co er(t) = ~ d t ' E ~ ( t ' ) ~ ( t -  t ' )e  y(t-c) ( t>O)  . 
o 

Equation (24) is linear in the variable C ( t ) =  
exp [y(t)]: 

t 

"co C(t)  -- I dt'E1 (t ') C ( t -  t ' )  . 
o 

This equation is now Laplace t ransformed into 

"c0C(s) =/~1 (s) ~ (s )  (26) 

or 

~(s )  = .  r° (27) 
In (1 + s) - "co 

Here,  use has been made of  Eq. (9) and the identity 
C(s) = s C ( s ) -  C(O) = s C ( s ) -  1. C(s)  has a branch 
cut on the negative real axis f rom s = - 1 to s = - oo 
and a pole at s = ))0, where 

))o = e ~ ° -  1 ( 2 8 )  

is the steady state shear rate [Eq. (10)]. The Laplace 
inversion of  Eq. (27) is performed by deforming the 
integration contour to run f rom - oo slightly below 
the negative real axis, rounding the pole at s = )~0, 
and returning to - c ~  above the negative real axis. 

After  standard manipulations one thus finds 

C(t )  = "coo + P0)e ~°t 

+ "c o ~ due  - ut 
1 [ln (u - 1 ) - "c01 z + 7~ 2 

or finally, by integration with respect to time, 

(29) 

l+9o(e~O t 1) e J(t'rO)rO = 1 + T 0 - -  

Yo 

+ ro ]~ du 1-e-U~ 1 (30) 
1 u [In ( u -  1 ) -  to]2+ n 2 " 

In the linear limit Eq. (30) reduces to 

J = t +  ~ du l I e -u~ t  1 
u In 2 (u - 1 ) + zc 2 " 

(31) 

(24) The creep complicance J(t,  r0) of  Eq. (30) is plotted 
in Fig. 4 in a log-log plot for different values of  ?)0- 

As a final example of  the use of  Eq. (7) consider the 
constrained recoil after a steady shear flow is inter- 
rupted at t = 0 by suddenly removing the shear stress. 
We wish to calculate the so-called recoverable shear 

(25) y~. Writing 

?)(t) = ~)~0 , t < 0  (32) 
( - f ( t ) ,  t > 0 ,  

A 

c n  
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1 
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Fig. 4. Creep compliance J -  y(t)/r o, where J is given by 
Eq. (30), plotted as function of time for: (a) ~)0 = 1000, (b) 
?)0 = 100, (c)))0 = 10, and (d)))o = 1, where ~o is related to 
r 0 by Eq. (28) 
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where f ( t ) > 0 ,  Eq. (7) implies for t > 0  

t t tt I, 

0 = - j d t 'E  1 ( t ' ) f ( t -  t ' )e  -j,_t,f(t )dr 
0 

o r  

+ ~ dt 'El(t ')Poe-~°(t '- t)-J; f(r')dt'' (33) 
t 

t t -  t ' ,, . 
d t ,E l ( t , ) f ( t _ t , ) e lo  f(t )at 

0 

= yO e~ot ~ dt 'E~(t ' )e -~°t' 
t 

(34) 

Defining F(t) = exp f ( t " )d t "  , Eq. (34) becomes 

t 
d t ' E l ( t ' ) F ( t -  t') 

o 

= ~o e~°t ~ d t 'E l ( t ' )e  -~°c (35) 
t 

The Laplace transform of  Eq. (35) is 

f f q ( s ) [ s f f ( s ) - l ]=  ~o [/~l(s)_/~10)0)] (36) 
~)0 - -  S 

o r  

~ ( S ) _ _ _  1 [ 1 _ [ _  ))0 g l ( s ) - g l ( ~ ) o ) ]  
- -  - -  -.7 " • 
s ))0 - s E 1 (s) 

(37) 

The recoverable shear is determined from e~== 
lim F(t).  This limit is given by the residue o f  the 

t--~ oo 
pole at s = 0 of  Eq. (37), and one finds 
Y~o = In [2-/~1(~0)], or 

Yoo = In [2-r/(~0)] . (38) 

In the two limits one has 

~1 . ~,o.~ 1 = TYO , 
yoo ( I n2  , ?o>>1 . 

(39) 

Y~o (~0) is monotonously increasing which is also the 
case in experiment. Also like in experiment, y~o 
stabilizes on a recoverable shear of  order one at high 

Y0. 

3. Discussion 

In this paper it has been argued that a simple con- 
stitutive relation exists which has no adjustable pa- 
rameters (except the overall scaling of  time and 
viscosity) and which gives a qualitatively correct pic- 
ture of  shear viscoelasticity. The relation Eq. (7) was 
arrived at by requiring the Cox-Merz rule to be 
satisfied and that Eyring's nonlinear viscosity Eq. (8) 
is to be reproduced approximately. This ensures a 
nonlinear viscosity and a frequency-dependent linear 
viscosity which are both close to those observed in 
many experiments. Figure 5 shows the nonlinear 
steady state viscosity of  the model compared to ex- 
periments on four polymeric liquids. In Fig. 6 the ab- 
solute value of  the complex frequency-dependent 
viscosity of  the model is compared to experiments on 
three of  the systems of  Fig. 5. In both figures there is 
a qualitative agreement between model and experi- 
ment. From studies of  the literature it is estimated 
that 2 5 -  50°70 of  the published rheological data on 
polymeric systems may be fitted similarly by the 
model. A quantitatively satisfactory fit is only possi- 
ble for few systems, however. To obtain this, one or 
more fitting parameters must be introduced into the 
model, which will not be attempted here. 

The choice of  the linear relaxation modulus to be 
E~(t') may be justified from the box model, i.e., the 

o 
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Fig. 5. Nonlinear viscosity of the model [full curve, Eq. 
(10)] compared to experiments on four different polymeric 
liquids. As throughout this work, both the viscosity and the 
shear rate are reported in dimensionless units, the scaling 
parameters being, respectively, the linear shear viscosity and 
1/T where T is a characteristic time. The figure shows data 
for (a) linear, monodisperse polystyrene in 1-CN (O, Fig. 
15 of [6]), (b) Poly-l-olefins ( e ,  Fig. 1 of [7] based on data 
from [8]), (c) poly (methyl methacrylate) ( x ,  Fig. 15a of 
[9]), and (d) 0.75% polyacrylamide (0, Fig. 3 of [10] based 
on data from [11]) 
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Fig. 6. Modulus of the complex linear frequency-dependent 
viscosity in the model [full curve, based on Eq. (12)] com- 
pared to experiments on three different polymeric liquids 
quoted in Fig. 5. For each set of data the dimensionless 
viscosity is shown as a function of the dimensionless fre- 
quency defined by the same characteristic time as used in 
Fig. 5. The figure shows data for (a) linear, monodisperse 
polystyrene in 1-CN ( © ), (b) poly-l-olefins ( • ), and (c) po- 
ly (methyl methacrylate) ( × ) 

postulate of  a uniform distribution of  activation 
energies for microscopic motion. Consider the motion 
of a foreign microscopic particle in the liquid. Sup- 
pose the particle feels a spatially randomly varying 
potential energy, and that it moves by thermally ac- 
tivated hopping between the various potential energy 
minima. Then the linear mobility of  the particle (the 
velocity divided by an external force acting on the 
particle), is to a good approximation given by [12] 

io)  
p *(~o) = p (0) (40) 

ln(1 +i¢o) 

Assuming the Stokes law is valid for the particle, one 
has/~ * ~ l / r /*  which shows that the linear shear relax- 
ation modulus of  the liquid is E~ (t ' )  in this approx- 
imation. 

Because the Cox-Merz rule is obeyed by the model 
it is not surprising that the Gleissele mirror relation 
[1] is also satisfied: The linear limit of  r/+ from Eq. 
(16) is 

lim t/+ (t, ~0) = tEl (t) - e - t+ 1 . (4•) 
Y0o0 

Gleissele's mirror relation states that t/(7) is equal to 
this limit evaluated at t = 1/y,  thus 

I1 , ~ 1 

r/(~))= ( 1 - C + l n ~ ) / ~ ,  ~>1 , 
(42) 

where C = 0 .577 . . .  is Euler's constant. A compari- 
son of  Eqs. (10) and (42) shows that the mirror rela- 
tion is indeed satisfied to a good approximation. 

The constitutive relation Eq. (7) reproduces most 
qualitative features of shear viscoelasticity. (An ex- 
ception is the overshoot usually observed in t/+ as a 
function of time, where the model predicts I/+ to in- 
crease monotonously to the steady state value.) The 
fact that qualitative features of experiment are 
generally reproduced is not surprising, given the 
similarity between the present model and the Wagner 
model, which is well-known to give a satisfactory 
description of  experiment. However, it should be 
noted that the present model, despite the similarity to 
Wagner's model in the use of an exponential damping 
function, does not belong to the class of single in- 
tegral constitutive relations of  the Boltzmann-super- 
position-type involving a nonlinear strain measure. 
This is because, in Eq. (7), y appears instead of y. As 
shown by Booij et al. [13], for the former type of 
models the Cox-Merz rule may be accurately repro- 
duced only if one uses a specific non-monotonous 
strain measure. This problem is avoided here because 
the analysis of Booij et al. does not apply to this 
model; however, it should be emphasized that the 
Cox-Merz rule is after all obeyed only approximately 
in the present model (Fig. 1). 

The use of  an exponential damping function in the 
present model is inspired by Wagner's work [4]. This 
damping function, in effect, cuts-off relaxation pro- 
cesses with rates less than the shearing rate, an idea 
discussed by several authors [14-18] .  An important 
difference from Wagner's model is that his damping 
function is exp [ - I ~ - t ' 7 1 ] ,  whereas we here use 
exp [ - ~t t_ r 12] ]. For a monotonously increasing or 
decreasing y(t)  this does not make any difference. In 
more general flows there may be considerable dif- 
ferences between the two approaches. For instance, if 
the net shear displacement between time t - t '  and t is 
zero there is no damping at all in Wagner's approach. 
In contrast, all shear displacement taking place be- 
tween time t - t '  and t contributes to the damping in 
the model of Eq. (7). Thereby an irreversibility related 
to the network rupture hypothesis of  Tanner [14, 18] 
is incorporated into the model. The model may be 
regarded as expressing a continuous version of Tan- 
ner's idea that entanglements are lost irreversibly in 
the process of  deformation as soon as a limiting strain 
is exceeded; here entanglements are lost continuously 
during any deformation. In passing we note that 
Wagner's model has been extended to incorporate it- 
reversibility using a rather complicated functional of  
the strain history in the memory function [19]. This 
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gives better agreement with experiment than the 
original Wagner model. 

A possible objection to the kind of  damping term 
used here is that, for a periodic shear ), = Y0 sin (co t), 
one might expect that the nonlinearity sets in at high 
frequencies, even at very small amplitudes (because 
the damping apparently is a function of  y0a), and not 
of  Y0), in contradiction to experiment. This, however, 
is not correct: Suppose the worst possible case of  the 
non-linearity, i.e., put the damping function equal to 
exp ( - c o y 0 t '  ) in Eq. (7). Then the response is 

z(t) = yo~o ~ dt 'El(t ')cos [~o(t-t ')le -~°~°t' 
o 

= Y0o9 [cos (rot) R e g -  sin (o) t ) Img]  , (43) 

where 

g = ~ dt 'El(t ' )e -(iC°+y°~o)t' 
o 

In (1 + x) 
- - ,  x =  ico+yoCO . 

(44) 

At a fixed m the onset of  nonlinearity may be estimat- 
ed from 

[ g(x__._)) x (45) 
Y°~°= g'(x) :ion, 

which is the criterion for the first order term being 
equal to the zero-th order term in the Taylor expan- 
sion of  g as function of  Y0. Equation (45) leads to 

~--~:~-~,~ ~ - r - l l n ( 1  + io9) i~o) " (46) y0m=co 
io9/(1 + , , ~ . j - . .  ,1 + 

It is now easy to see that whenever co _ 1 the onset of 
nonlinearity takes place for Y0 of  order one. For 
co,~1, however, the onset of  nonlinearity is at 
Y0 = co -1, corresponding to a maximum shear rate of 
order one in the periodic variation. 
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